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Abstract. The quantized Knizhnik-Zamolodchikov equation is a difference equation 
defined in terms of rational R matrices. We describe all singularities of hypergeometric 
solutions to the qKZ equations. 

1. Introduction 

The quantized Knizhnik-Zamolodchikov equation (qKZ) is a system of difference equa- 
tions. The qKZ equation was introduced in | FR| as an equation for matrix elements of 



vertex operators of a quantum affine algebra. A special case of the qKZ equation had 
been introduced earlier in |S[ as equations for form factors in integrable quantum field 
theory. Later, the qKZ equation was derived as an equation for correlation functions in 
lattice integrable models, cf. ||JM|| and references therein. 



In this paper we consider the rational qKZ equation associated with si (2). The qKZ 
equation with values in a tensor product of si (2) Verma modules V(Ai) ® . . . ® V(X n ) was 
solved in V[| , cf. [[Mj], [|RJ. The solutions *$?(z, A), z = (zi, . . . , z n ), A = (Ai, . . . , A n ) are 
meromorphic functions written in terms of hypergeometric integrals, see (|16|). Here V(Xi) 
is the Verma module with highest weight Aj G C. We endow the module V(Aj) with an 
evaluation Yangian module structure with complex evaluation parameter zi and denote 
V(zi, Aj). Set V(z, A) = V(zi, Ai) ® . . . ® V(z n , A n ). The space of the hypergeometric 
solutions can be naturally identified with the corresponding tensor product of Verma 
modules V^(Ai) <8> • • • <8> V q (X n ) over the quantum group U g sl(2), where q = exp(iri/p) 
and p is the step of the qKZ equation. We endow the module V q (Xi) with an evaluation 

structure of affine quantum group U q gl{2) module with complex evaluation parameter Zi 
and denote V q (zi, Aj). Set V q (z, A) = V q (zi, Ai) ® . . . ® V q (z n , X n ). 
Thus, the hypergeometric solutions define a (hypergeometric) map 

qKZ(z,X;p): V q (z, A) — >■ V(z, A), 

see (0). ^ 

We call parameters p,z,X generic if the U q gl{2) module V q (z,X) is irreducible. For 
generic values of parameters, the hypergeometric map is an isomorphism of vector spaces. 

The Yangian module V(z, A) is reducible iff z a — z b + X a + X b e for some a,b G 
{1, . . . , n}. We describe the properties of the hypergeometric map for these values of 
parameters. 

Case 1. Let 2Ai = k G Z^ - The module V(z,X) has a submodule isomorphic to 
V(z, A'), where A' = (— Ai — 1, Aa, • • • , A n ). The module V q (z, A) has a submodule isomor- 
phic to V q (z, A'). Then the qKZ map is still a well defined isomorphism of vector spaces. 
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Moreover, it maps the U q gl{2) submodule V q (z, A') onto the Yangian submodule V(z, A') 
and the restriction of the map qKZ(z, A) to V q (z, A') coincides up to a scalar factor with 



the hypergeometric map qKZ(z, A'), see Theorem |29 



Case 2. Let Z2 — z\ + Ai + A2 = k G Z^ - The module V q (z, A) has a submodule 
isomorphic to V q (z', A'), where z', A' G C" are some new values of parameters. The 
module V(z, A) has a nontrivial submodule such that the factor module is isomorphic to 
V(z', A'). Then, the qKZ map is a well defined linear map. The kernel of the qKZ map 
coincides with the submodule V q (z', A') and the image of the qKZ map coincides with the 
proper submodule in V(z,X), see Corollary |31|. 

Case 3. Let z\ — z-i + Ai + A2 = k G Z^ - The module V(z, A) has a submodule 
isomorphic to V(z',X'), where z', A' G C n are some new values of parameters. The 
module V q (z, A) has a nontrivial submodule such that the factor module is isomorphic to 
V q (z', A'). Then the qKZ map has a simple pole at the hyperplane z\ — z 2 + Ai + A2 = k. 
Let Res be the corresponding residue of the qKZ map. The kernel of Res coincides 
with the proper submodule of V q (z, A) and the image of Res coincides with the proper 
submodule of V(z, A). Thus, Res is a linear isomorphism of the factor module V q (z', A') to 
the submodule V(z f , A'). We prove that the map Res coincides with the hypergeometric 
map qKZ (V, A') up to a scalar factor, see Example [53|. 

It is well known that the intertwinings of Yangian modules and of modules over U q gl(2) 
possess similar properties, see Lemmas and Lemmas pT] - |23| . 

Let V(z, A) be a Yangian module obtained from the tensor product V(z, A) by a per- 
mutation of factors. It is well known that V(z, A) ~ V(z, A), V q (z, A) ~ V q (z, A) and the 
qKZ map intertwines these isomorphisms . 

Let z, A G C n . The values of parameters z', X' G C n such that V(z, A) ~ V(z', A') are 
parametrized by pairs of permutations cr, a' G S n . We show that the qKZ map intertwines 
all these isomorphisms as well, see the diagram in Theorem |25|. This observation allows 
us to reduce cases 2 and 3 to case 1. 

We apply the above observation to include the qKZ equation in a bigger compatible 
system of difference equations which we call the extended qKZ equation. The shifts of 
the extended qKZ equation generate a group acting in the space C 2n of parameters (z, A) 
isomorphic to Z 2n_1 . 

We use the above study to describe all singularities of the hypergeometric solutions, 
see Theorem |3^, and the Remark after it. 

In this paper we treat the case \k\ > 1, where k is a parameter of the qKZ equation 
(|T5|). Our results can be carried in the same fashion in the case k — 1. We also obtain 
similar results in the case of tensor products of finite dimensional representations, see 
Remarks after Theorem |3~3. 



The paper is organized as follows. We study the functional model of the Yangian 
module V(z, A) in Section 0. In Sections [2.1| - |2.4| we fix our notations and recall some 



technical facts from [[TV11 . In Sections [2.5H2.7j we describe the maps of Yangian modules 

in terms of spaces of functions. We study the functional model of the U q gl{2) module 
V q (z, A) in Section Section [3] is constructed similarly to Section |2|. In Sections |P| - pr2" 
we define the qKZ equation and the qKZ map. In Section [O we introduce the extended 



qKZ equation. Section |47g contains our main results, Theorem ^9] and Corollaries |3Q - |32 
We describe the singularities of the hypergeometric map in Section [O . 



2. Rational hypergeometric space of functions 
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2.1. The Lie algebra si (2). Let e, /, h be generators of the Lie algebra si (2) such that 

[h,e] = e, [h,f] = -f, [e,f]=2h. 

For an si (2) module M, let M* be its restricted dual with an si (2) module structure 
defined by 

(e<p, x) = (ip, fx), (fip, x) = (<p, ex), (hp, x) = (<p, hx), 

for all x £ M, ip £ M*. 

For a complex number A, denote V(A) the si (2) Verma module with highest weight A 
and highest vector v. The vectors {f l v, I £ Z^ } form a basis in V(A). The Shapovalov 
form on V(A) is a bilinear form B\ such that 

i-i 

B x (fv, fv) = l\ n(2A - a), B x (fv, f k v) = 0, / ^ k. (1) 

a=0 

The Shapovalov form Bona tensor product V(Ai) <8> • • • <E> V(A n ) is defined by B = 
B Xl <8> . . . <8) B\ n . The dual map to the Shapovalov form defines a map of sl(2) modules 

Sh : \/(Ai) (8) ... (8> V(X n ) -> (F(Ai) (8) ... (8) V(A n ))* . 

For A e |Z^ , denote L(A) the (2A + 1)- dimensional irreducible si (2) module. 

2.2. The Yangian Y(gl(2)). The Yangian Y(gl(2)) is an associative algebra with an 
infinite set of generators T^j , i, j = 1, 2, a = 0, 1, . . . , subject to the relations: 

R(x - y)T {1) (x)T {2) (y) = T {2) (y)T {1) (x)R(x - y), 

where R(x) = (x Id +P) £ End(C 2 <8> C 2 ), P £ End(C 2 <g> C 2 ) is the operator of permuta- 

tion of the two factors and Ty(u) = T-jU~ a are generating series, T( 1 )(x) = 1 <S>T(x), 

s=0 

T (2) (x) =T(x)®l. 

In this paper we take tensor products and dual of Yangian modules using the comulti- 
plication A : Y(gl{2)) -> Y(gl(2))®Y (gl(2)) and the antipode S : Y(gl(2)) -> F(^(2)) 
given by 

2 

A : i— > T ia {u) ® T a j(u), (2) 

a=l 

5 : ^-(u) i-> Tj-^u), i,j = 1,2. 

For a complex number z, there is an automorphism p z : Y(gl(2)) — > F(g/(2)) of the 
form 

p 2 : 7ij(u) i-> - 2), i, j = 1,2. 

The evaluation morphism e : V(g/(2)) — > U(sl(2)), to the universal enveloping algebra 
of si (2), has the form 

e : Tn(«) i-> h/u, e : 7i 2 («) i-> f/u, 

e : T 2 i(m) i-> e/u, e : T 22 (w) h-> — /i/w. 

For complex numbers z, A, denote V(z, A) the s/(2) Verma module V(A) endowed with 
a structure of Yangian module via pull back with respect to the map e o p z . The module 
V(z, A) is called the evaluation Verma module. 
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For A G TjZ^o, denote L(z,X) the si (2) module L(X) endowed with a structure of 
Yangian module via pull back with respect to the map e o p z . The module L(z,X) is 
called the evaluation finite dimensional module. 



For more detail on the Yangian see [CP], |[TV|| . 



2.3. The rational hypergeometric space. Fix a natural number n and z = (z±, . . . , z n ), A 
(Ai,...,A n ) gC«. 

oo 

Define a rational hypergeometric space $(z,\) = ® $ i(z, A), where %ii(z,X) is the 

1=0 

space of functions of the form 



n I 

•'■ ]lll 



n 



t a — h 



, , tb — z a — X a t a — tb + 1 

a=l 6=1 l^.a<b^l 

Here P is a polynomial with complex coefficients which is symmetric in variables t\,...,ti 
and has degree less than n in each of variables t±, . . . , t\. 

2.4. The Yangian action. Let / = /(tj, . . . ,t{) be a function. For a permutation 
<r G §>', define the functions [f] r a at via the action of the simple transpositions (z, z + 1) G S , 
« = 1, ...,/ — 1, given by 

t% — t i+ i — 1 



, . . . , tj-f-1, £j, . . . , l»£ 



Let Tij(u), i,j = 1,2, be the generating series for the Yangian Y(gZ(2)) introduced in 



Section Ol. Set 



u 



a=l 



u- z a - X a 



Here the rational function in the right hand side is understood as its Laurent series 
expansion at u = oo. In this paper we always use this convention in formulas of this 
kind. 

It is clear that the coefficients of the series Tij(u) generate Y(gl(2)). Following flTVfl , 
define an action of the coefficients of the series Ty(u) in the hypergeometric space # (z, A). 
Namely, for a function / G $ i(z, A), set: 



(T u (u)f)(h,..., tt) = f(h 



\ TT U - Zg + Xg U tg 1 

1 u _ z \ 11 u -t 

a=l a=l 



+ 



(3) 



a=l a=l 



/(ti, . . . , ti-x, u) -A- - z h + A 



w - 



6=1 



ti — Zb — Xb 



rat 



(«,<) 



(T22(u)f)(h,...,ti) = /(ti,...,*,) H 



U - t a + 1 



a=l 



U — t n 



0=1 



a=l 



f{u,t 2 ,...,ti) 

U-tt + 1 



rat 



J (l,a) 
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(T 12 ( M )/)(t 1; ...,t i+i ; 



2+1 

E 



0=1 



,tl+l, 



u — U 



X 



2+1 



-p-r tj - Z b + Afr y-j- U-t c + l tx - t c ~ 1 

tl-Sft-Aft 11 u-* c *i-t c +l 

6=1 c=2 



2+1 



n n - £ b + A fe ^ U - t c - 1 
_ r, - X, 11 



U — Zh — \h u — t c 

6=1 c=2 6 



rat 



(l,o) 



2+1 , , . 2+1 

a=l a, 6=1 

a^6 



(w - t x + 1) (w 



t-z; 1 r W+i — ~r 

+ 1) y *J+1 - 2c - 



^+i — + A c 

a; 



2-1 



(T 2 i(u) /)(*!,..., = /(«!,...,«!_!,«) J] U ^\ 1 , 



a=l 



u-t a 



rat 

(l,o)(6,2+l) 
/ > 0, 



and set T 2 i(u)f = if / G ^otX A). Here (1, a), (a, /), (6, / + 1) are transpositions. 

By Lemma 4.2 in |TV |, these formulas define a Y(gl(2)) module structure in the 
rational hypergeometric space # (z, A) for any z, A G C n . 

2.5. Bases of the rational hypergeometric space. For natural numbers n, I, set 

_ n _ i 

= {l = (h, ...,l n )e Z^ | J2 l a = l}- For I G Z, n and i = 0, 1, . . . , n, set I* = J2 k- 

a=l 

For I G Z", define the rational weight function wj by 



0=1 



W[(t, 2, A) = 



n 1 P 

nA n 

a=l a ' 6=; a " 1 +l 



1 -i-r t& — £ c + A c 



-i rai 



th — Z„ — \ n 



n 



1 1, — — a„ ~~ //, ••- "-, A, 



Denote V(^, A) = V(2i, Ai) ® . . . ® V^n, A n ) the tensor product of evaluation Verma 
modules. The module V(z, A) has a basis given by monomials {f ll Vi<S>. . - ^)f ln v n }, where 
U G Zj. and Vi are highest vectors of V(Zi, A;). The dual space V*(z, A) has the dual basis 
denoted by (f ll v i ® . . . <g) f ln v n )*. Define a C-linear map z/(z, A) : V*(z, A) — > # (2, A) 
by the formula 

z/(z, A) : (/V ® . . . ® /S n )* 1- ^-(t, 2 , A). (4) 



Lemma 1. f(7/. Lemma 4. 5, Theorem 4. 7 in [TV] J T/ie map ^(z, A) a homo- 
morphism of Yangian modules. Moreover, if z a — z b + A a + A& G" /or a// a > b, 
a,b — 1, . . . , n, then the map u(z, A) is an isomorphism. □ 

For z, A G C n and permutations a, a' G S> n , define z£ , A^' G C n by equations (z%) a + 

(A^') a = ^(a) + A ff ( a ) and (z^) a - (A^') a = ^/(a) - A^), a = 1, . . . , n. 

Lemma 2. For any permutations a, a' G § n , tae identity map Id : # (zj', A^') — > 5 (2, A) 
zs an isomorphism of Yangian modules. 

Proof: The characteristic property of 2^ , A^' is 



n< 

a=l 



0=1 



a=l 



a=l 
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The definition of the space $ (z, A) and of the Yangian action depends on z, A only through 

n n 

polynomials Yl(u- z a + X a ) and ]\{u- z a - A a ), see (g). □ 

a=l a=l 

Lemma 3. Let z a — Zb + A a + A& Z^o? a,b = 1, . . . , n. Then for any permutations 
cr, cr' G § n ; the Yangian modules V(z, A) and V(z° , X a a ) are isomorphic. 

Proof 1 : Under the assumption of the Lemma, the Shapovalov map Sh : V(zZ ,\° ) -> 
V*{z° , A£ ) is an isomorpism of Yangian modules for any permutations cr, d' G Lemma 
H] follows from Lemmas [l] and ^|. □ 

Proof 2: Both modules V(z, A) and V(z°',X°') are irreducible Yangian modules of 
highest weight 

-pr U - Z a + A„ 

f 4 m - z a - A a ' 

a=l 

For the definition of highest weight and the classification of irreducible Yangian modules, 
see 0. □ 

Let z, A be as in Lemma [| Let (a'®a)(z, A) : V{z, A) — > V(z£ , A^') be the isomorphism 
of Yangian modules such that 

(cr' ® a)(z, A) : t>i ® . . . <g> f„ i-> <g> . . . <g> u^, 

where are highest vectors generating V^Zj, Aj), V((z° )j, (A^')j). 
We have 

(a' ® <t)(z, A) = (ST^))" 1 O (//«', A^'))- 1 O U(Z, A) O Sfl(\), (5) 

where the map z/ is given by (||). 

Example 4. Let n = 2. Consider the transpositions a = a' = (1, 2). Then 

Z (1% — ( Z 2: z l): A^) — (^2, Ai). (6) 

The isomorpism i?(^, A) : V(z, A) — > V(z^ 1 'J, A^' 2 j), given by formula (^|), will be called 
the rational R matrix. 

Example 5. Let n = 2. Consider the case a = id, a' = (1, 2). Then 

(*2r°)i = + ^2 + A x - A 2 ), (4' 2) ) 2 = + z 2 - X, + A 2 ), 
(A ( i 2) )i = - ^2 + Ax + A 2 ), (A ( i 2) ) 2 = + z 2 + Ai + A 2 ). (7) 

We call the isomorphism N(z,X) : V"(z, A) — > , A^j ), given by formula @, i/ie 

rational N matrix. 
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Example 6. Let n — 2. Consider the case a' — id, a — (1,2). Then 

(A(? 2) )i = \{~Z! + z 2 + X l + A 2 ), (Ag 2) ) 2 = \{ Zl -z 2 + X l + A 2 ). (8) 

We call the isomorphism A) : V(z, A) — > ^(^n^); -Vi 2))> gi ven by formula @, t/ze 
rational D matrix. 

Our notations of iV and D matrices come from the words "numerator" and "denomi- 
nator" . We describe properties of the R, D and N matrices in the next Section. 

2.6. Properties of R, D and N matrices. Let n be a natural number. Let z, A G C n 
be such that z a — z\, + A a + A& G" Z^ , for all a, 6 = 1, . . . , n. 

Lemma 7. The group S n x S n transitively acts on the family of isomorphic Yangian 
modules {V(z° a ',\°'),o;o-' G S»}, (r' x t)«',A*') : V^,A^) - K«y,A^'). Tne 
action of generators is given by 

(a, a + 1) x id = N a>a+1 , id x (a, a + 1) = £> a ,a+i, 

where N aA+ \, D aA+ \ are N and D matrices acting in the ath and (a + 1 )st factors of the 
the corresponding tensor product. We also have 

N a ,a+l(Z(a,a+l)i \*^a+l)) A»,a+l( Z J A) = ZA^a+i (z ( ^' a+1 \ A^ +1) ) A^ a+1 (z, A) = i4,a+l (z, A) . 

Proof: The Lemma follows from the definitions of R, D and N matrices. □ 



Let n = 2. Consider the si (2) Verma modules V(Xi),V(X 2 ) of highest weights Ai, A 2 
with highest vectors vi,v 2 . We have a decomposition of si (2) modules 

oo 

V{Xt) <g> V(A 2 ) = V(X 1 + A 2 - /). 

We choose singular vectors f(Ai,A 2 ;Z) ^(-^l) ® V"(A 2 ) generating V^(Ai + A 2 — /), so that 
in the standard basis the coefficient of f l vi <E> f 2 is (i?z(Ai)) _1 : 

ev iXl ,x 2 .i) = 0, u (AliAa . = (^(Ai))- 1 fvi ®v 2 + Y, ci(A)/-% ® Z = 0, 1, . . . , 

0=1 

where Bi(Xi) = B\(f l v, f l v) is the value of the Shapovalov form, see (HD, and c^(A) are 
complex numbers. 

Theorem 8. (Spectral decomposition.) Let A : V(z,X) — > V(rx, a;) fre either R, D or N 
matrix, where u, to G C 2 are t/ie parameters of the target module. Then A commutes with 
the si (2) action and maps 

Btdu^x) 

A : U(Ai,Aa;0 ^ „ x (l,2h \ V ("iW,l), 
Bl{[X id jij 

where Bi(X) = B\(f l v, f l v) is the value of the Shapovalov form, see ([7]). 
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Proof: In the case of R matrix the spectral decomposition is well known, see Proposition 
12.5.4 in ||CP|| and formula (3.5) in |[rV|| . In the two other cases the proof is similar. □ 



Let n be any natural number, z, A G C™. We say that the parameters z, X G C n are 
in a rational resonance if the Yangian module V(z, X) is reducible. We say that the 
parameters z, X are in the first rational resonance if there exists a unique pair of indices 
a,b G {1, . . . , n} such that z a — Zb + X a + = k G Z^ and if a ^ b. We say that 
the parameters z, X are in the second rational resonance if there exists a unique pair of 
indices a, b G {1, . . . , n} such that z a — z b + X a + Xb = k e Z^ and if a > b. 

Let z, X be in the first rational resonance. Then the Yangian module V(z, X) has a 
unique nontrivial submodule. The submodule is isomorphic to a tensor product V(z', A') 
of evaluation Verma modules with parameters z', X' G C n such that (V, A') ^ (z, A). For 
example, if 2Ai = k G Z^ , i-e. a = b = 1, then z' = z, A' = (— Ai — 1, A 2 , . • • , A n ). 

Let z, X be in the second rational resonance. Then the Yangian module V(z, A) has 
a unique nontrivial submodule. The factor module is isomorphic to a tensor product 
V(z', A') of evaluation Verma modules with parameters z', X' G C" such that (V, A') ^ 
(z, A). For example, if z 2 - z x + X x + A 2 = k G Z >0 , i.e. a = 2, b = 1, then z> = z^\ 



X' = (—(X^)i — 1, (A^ 2 ^, • • • , (A^ 2 ') n ), see Section 12.1 in | |UP|| and references therein. 



Lemma 9. Let z, X G C n and z° , A^' G C™ be either both in the first rational resonance 
or both in the second rational resonance. Then the map (a' x a)(z, A) : V(z, A) — > 
V(z£ , A^ ) is a well defined isomorphism of Yangian modules. It maps the submodule 
V(z', A') C V(z, A) onto £/ie submodule V((z°')', (A*')') C A^') ; and i/ie map (a' x 

cr)(^, A) restricted to the submodule V(z', A') coincides with the map (a' xa)(z', A') up to a 
non-zero scalar multiplier, depending on the choice of the inclusions V(z',X') V(z,X) 

andV{{z°J)> : {X<Z)')^V{z°JX)- ' 

Proof : Lemma follows from Theorem IS. □ 



Lemma 10. Let z, X G C™ be in the first rational resonance and z° , X a a G C n be in the 
second rational resonance. Then the map [a' x a)(z, A) : V(z, A) K« , A^ ) is a we// 
defined homomorphism of Yangian modules. The kernel of this homomorphism is the 
submodule V(z', A') C V(z, A) and the image is the proper submodule in V(z° , X a a ). 

Proof : Lemma |10| follows from Theorem ||. □ 



Lemma 11. Let z, X G C™ 6e m t/ie second rational resonance and zl,\° a G C" be in 
the first rational resonance. Then the map (a' x a)(z, A) : V(z, A) — > V(z°',X°') has 
a simple pole at z = z, X = X. The residue Res := res 5=2 x=\( a ' x a )(z,X) is a well 
defined homomorphism of Yangian modules. The kernel of this homomorphism is the 
nontrivial submodule U of V(z, A) and the image is the submodule V{(z a a )', (A£ )') C 
V{z a a , A^ ). Thus, up to a scalar multiplier, depending on the choice of the factor map 
V(z,X) -> V(z',X') ~ V(z,X)/U, and the inclusion V({z^)\ (A^')') ^ V(z^X^), the 
map Res defines a homomorphism V(z', A') — > V((z° )', (A^ )'). The scalar multiplier can 
be chosen so that the map Res coincides with the isomorphism (a' x cr)(z', A'). 



Proof : Lemma 1 1 follows from Theorem pi □ 



FUNCTORIAL PROPERTIES OF THE HYPERGEOMETRIC MAP 



9 



2.7. The first resonance in the rational hypergeometric space. Let z, A G C n . 

Suppose z, A are in the first rational resonance. We have z a — Zb + X a + A& = k for some 
k G Z^o, a, b G {1, . . . , n}, a ^ b. Choose a, a' G § n , such that cx(a) = cr'(6) = 1. Then 
by Lemma |9], the map a' x cr is a well defined isomorphism and 2(A^ )i = fe. 

Let z, X G C" and 2Ai = k, k E Z^ . Set z' = z, A' = (— A x — 1, A 2 , • . • , A n ). 

Define a linear map 6* (-2, A) : $(z, A) — > ^ (z', A') as follows. For a function 
f(h,...,ti) G £ { (z,A), set 

fc+1 ' / - 1 + 1 

M,...,t,)=/(*i,---,«i)(*i-«i-Ai) n n r r— r . 

t., tj, 1 

a=l b=k+2 a 

and / = 0, if I ^ k. Define 

• • • , fy-fc-i) = /(zi + Ai, zi + Ai - 1, . . . , zi - Ai, i 1( . . . , ti-k-i). 



Theorem 12. The map l*(z,X) : $(z,X) —>■ $(z',X') is a surjective homomorphism of 
Yangian modules. 

Proof: The map i* is well defined, it is a surjection, see the definition of the rational 
hypergeometric space. 

If t a — z\ + Ai — a + 1, a — 1, . . . , k + 1, then we have the following identities: 

fe+l n n 



n — T7 — ~ Za ~ = n ^ ~ _ a ^ 

a=l U a o=l o=l 
fc+1 _ n , n , , , 

n tg-U+l T-T M ~ Zg + Xg _ "1 T M ~ ^ + A^ 
* B - U -1 11 t-^-A a ~ 11 M -4-A' a ' 

a=l a=l a=l " " 

It is a straightforward calculation to check that the map l* commutes with the Yangian 
action given by (H), using the above identities. □ 



Let z, X G C n and 2Ai = k e Zj> - Assume z a — z fe + A a + A^ G" for all a > b, 
a, b = 1, . . . , n. Then by Lemma [3], 

£ (z, A) ~ V*(z, A) ~ V*(z 1; AO) <g> F*((z 2 , ...,*»), (A 2 , . . . , A n )), 

5 (z', A') ~ V*(z', A') ~ Ai) (g) ^*((z 2 , . . . , z„), (A 2 , . . . , A n )). 

The Yangian module V*(;2i,Ai) has a submodule, isomorphic to (A; + l)-dimensional 
irreducible evaluation module L(zi, Ai). Then l*(z, A) = i\ ® Id, where 

i\ : Ai) -> V*( Zl , A 1 )/L(z 1 , Ax) ~ A' x ) 

is the factorization morphism mapping f k+1 vi (g) u 2 <2> ■ ■ ■ <8> v n to D(k)v[ <2) . . . ® v' n . The 
constant -D(fc) is given by 



Q — ^1 — Ai "M" t a — tft + 1 

a=2 l^a<6^fc+l 



where we set t a — Z\ + Ai — a + 1, a = 1, . . . , k + 1. 
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3. Trigonometric hypergeometric space of functions 

3.1. The quantum group U q sl(2). Let q be a complex number different from ±1. Let 
p be a complex number such that q = exp(iii/p). We always assume Rep < 0. For a 
complex number x, by q x we mean exp(7rix/p). 

Let e q , f q , q h , q~ h be generators of U q sl{2) such that 

2h _ -2h 

q h q- h = q~ h q h = 1, K Q = ~ V' = ? e *<A = (TV,?*- 

q — g _i 

A comultiplication A q : U q sl{2) — > U q sl{2) ® U q sl{2) is given by 
A 9 (g ±h) = q ±h ® q ±h , A q (e q ) =e q ®q h + q~ h ® e q , A q (f q ) = f q ®q h + q~ h ® f q . 

The comultiplication defines a module structure on tensor products of U q sl(2) modules. 
An antipode S q : U q sl{2) — > U q sl{2) is given by 

S q (e q ) = f q , S q (f q ) = e q , S q (q ±h ) = q ±h . 

The antipode defines a module structure on a space dual to an U q sl{2) module. 

For A G C, denote V q (X) the U q sl{2) Verma module with highest weight g A and highest 
vector v q . The vectors {f l q v q , I G 2^ } form a basis in V^(A). The quantum Shapovalov 
form on V q (X) is a bilinear form B\ such that 

B\ (f l q v", f q v q ) = [l] q \ [2A - a] q , B\ (f q v q , /*««) = 0,l^k, (9) 

where [n] q = (q n — q~ n )/(q — g -1 ) = sin(7m/p)/sin(7r/p) are the g-numbers, [l] q \ = 
[l] q \[2] q \...[l} q \. 

The quantum Shapovalov form B q on a tensor product V q {\i) ® . . . <S> V q (X n ) is defined 
by B q = B q Xi (8> . . . <8> B^ . The dual map to the quantum Shapovalov form defines a map 
of U q sl{2) modules 

Sh q ■ V 9 (Ai) ® . . . ® F 9 (A n ) - (y 9 (Ax) ® . . . ® K(A n ))* • 

For A G |Z^ , denote £q(A) the g deformation of s/(2) module L(X). L q (X) is a 
(2 A + l)-dimensional U q sl{2) module. 

3.2. The Hopf algebra U q gl(2). The quantum affine algebra U q gl{2) is a unital associa- 
tive algebra with generators , LuJ, 1 ^ j ^ i ^ 2, and L^, j = 1,2, s = ±1,±2,..., 
subject to relations fliTf). 

Let G End(C 2 ) i, j = 1, 2, be the standard matrix units with the only nonzero entry 
1 at the intersection of the i-th row and j-th column. Set 

R(0 = ~ q' 1 ) (en ® e n + e 22 ® e 22 ) + 

+ (£ - 1) (ei2 <g> ei 2 + e 2 i <g> e 2 i) + £(g - g _1 ) e i2 <g> e 2 i + (g - g _1 ) e 2 i <8> e i2 . 

Introduce the generating series L^(u) = L^ ^ + L^ s ^u ±s . The relations in U q gl(2) 

s=l 

have the form 

R(Z/0 Lf 1} (0 L±(C) = L± (C) Lf 1} (0 i2(e/C) , (10) 
Rit/OL+^L-^O = ^ 2) (C)L+(0^/C), 
r (±0) r (±o) _ 1 r (±o) r (±o) _ 1 r (±o) r (to) _ 1 f _ 1 o 

-^11 ^22 — 1 5 "^22 -^11 — 1 5 L !i L !i — 1 5 Z — i J Z 5 
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where L± } (£) = L±(£) ® 1 and L± 2) (£) = 1 ® L±(£). 

In this paper we take tensor products and dual of U q gl(2) modules using the comul- 

tiplication A q : U q gl{2) -> U q gl{2) ® U q gl{2) and the antipode S g : U q gl{2) -> U q gl{2) 
given by 

A, : £S(0~£^(0®^ a (a (11) 

a=l 

£ 9 : L±(£)h+L±(£), <,i = l,2. 

Note that our choice of comultiplication is, in a sense, opposite to the comultiplication 
we chose for Yangian, see (f2|). 

For a complex number (, there is an automorphism p q : U q gl(2) — > U q gl(2) of the form 

/>! : Lg(C)^L±(e/C), i,J = l,2. 
The evaluation morphism e 9 : U q gl(2) — > U q sl(2) has the form 

: L±(0 ~ g Th - eft* 1 , e 9 : ^(0 ^ ^ - <rt ±X , 
: L+(0 ^ -f q ( q - q -i){, e « : Lf 2 (0 ~ Z^-?" 1 ), 
: L+ (£) ^ -e q (q - q' 1 ) , e" : L^) ^ e q (q - q' 1 ) ^ ■ 
For complex numbers z, X, denote V q (z, A) the U q sl{2) Verma module V^(A) endowed 
with a structure of U q gl{2) module via pull back with respect to the map e q o p q ig . The 
module V q (z,X) is called the quantum evaluation Verma module. 

For A G |Z^ , denote L q (z,X) the U q sl{2) module L q {X) endowed with a structure of 

U q gl(2) module via pull back with respect to the map e q o p q 2z . The module L q (z, A) is 
called the quantum evaluation finite dimensional module. 

For more detail on the affine quantum group U q gl{2) see ||CP|| , ||TV|1 . 

3.3. The trigonometric hypergeometric space. Fix a natural number n, z = (zi, . . . , z n ), A 

(Ai, . . . , A n ) G C n and a complex number q = exp(ni/p). 

oo 

Define a trigonometric hypergeometric space $ q (z,X) = ® A), where $1(z, A) is 

1=0 

the space of functions of the form 

ptjti n 2t n] TT TT <f a ~ tb TT sin(7r(t Q - t b )/p) 

1 " " ' ] tk t\ s ^ ~ z °- x ^ JL sin (^ - + ' 

Here P is a polynomial with complex coefficients which is symmetric in variables q 2tl , . . . , q 2tn 
and has degree less than n in each of variables q 2tl , . . . , q 2tn . 

3.4. The U q gl(2) action. Let / = f(t\, . . . , t{) be a function. For a permutation a G S , 
define the functions [f] 1 ™ 9 via the action of the simple transpositions (i,i + 1) G 

i — 1, ... ,1 — 1, given by 

\ f ]tng u t\-t(f t t t \ sin (*(U ~ U+i - l)/p) 
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Let LfJu), i,j = 1,2, be the generating series for the quantum affine group U q gl(2) 



introduced in Section 3.2. Set 



m) = mo) n 



^ 2 sin(7r(ii - z a - \ a )/p) 



i,3 = h2 



where £ = q 2u . It is clear that the coefficients of the series LfAu) generate U q gl{2). 



Following |TV|1 , define an action of the coefficients of the series Lfj(u) in the hypergemetric 
space $ 9 (z, A). Namely, for a function / 6 $ q (z, A), set: 



(12) 



f( + + \ TT s[n ( n ( u ~ z a + K)/p) t-t sin(7r(M - t a - l)/p) 



■A s in(7r(M -z a - K)/v) £J[ sm(n(u - t a )/p) 



x 



n 



sin(7r(n - t a - l)/p) 
\ sin(7r(«-t )/p) ^ 



(^(0/)(*i 



/(ti, . . . *' -pr sin(7r(t; - z b + A h )/p) 

sin(7r(M - tj - l)/p) s in(7r(t; -z b - X b )/p) 

sin(7r(u -t a + l)/p) 



trig 



(o,0 



1) 



n 



L sin(7r(u - t )/p) 



sm 7T 



sin(7r(M -t a + l)/p) 



E 



/(M,*2, • • •,*/)? 



U — t\ 



trig 



f = i sin(7r(w - t )/p) ^ [ sin(7r(u - + l)/p) J {l a) 

2+1 



(L 12 (0/)(ti,...,t 1+ i 

n 

n 



sm 7T 



X 



/p)E 

0=1 

m 

n 



/(t 2 , • • 9 



u— ti 



X 



sin(7r(n — h)/p) 

~t sin(7r(ti - z b + \ h )/p) yr sin(7r(w -t c + l)/p) sin(7r(ti -t c - l)/p) 
J sin(7r(*i - z b - X b )/p) sm(ir(u -t c )/p) sin(vr(ti - t c + l)/p) 



A sin(7r(n - z b + \ b )/p) yr sin(7r(w - t c 
sin(7r(M - z b - X b )/p) 



sin 2 ( tc 



c=2 

I v tt sin(7r(w - t a + l)/p) y4 



sinfTrf-u — t, 



1)/P) \ 



trig 



(l,a) 



a=i a , 6 5; 

g2« — fl — + 1 



f(u,t 2 ,...,ti) X 



sin(7r(t ;+ i - z c + A c )/p) 

sin(7r(M - ti + l)/p) sin(7r(M - + l)/p) *jL s in(7r(i m - 2 C - A c )/p) 



n 



2-1 



(L±(0/)(tl,...,t/-i) = /(ti,...,t,_ 1>U ) ] J 



sin(7r(> - t a - l)/p) 



trig 

(l,a)(M+l) 

/ > 0, 



A = -L sin(7r(«-t a )/p) 

and set £21 (0/ = if / ^ ^0(2:, A). Here (l,a), (a,/), (&, I + 1) are transpositions, 
i = q 2u - ' _ 

By Lemma 4.15 in |TV ], these formulas define a U g gl(2) module structure in the 
trigonometric hypergeometric space $ q (z, A) for any z, A G C™. 
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3.5. Bases of the trigonometric hypergeometric space. For I G Z™, define the 
trigonometric weight function Wj by 



W,(t,z,\) 



E 



l a , ., . s / s a-l 



tttt sin(7r/p) -pj exp(7rz(z a - t 6 )/p) -p-r sin(7r(t b - z c + A c )/p) 
a=id=i 6= |i-i +1 sill ( 7r (** - 2 a - A«)/p) A = l sin(7r(4 - z c - A c )/p) 



trig 



Denote V q (z, A) = V q (zi, Ai) (g> . . . <8> V q (z n , A n ) the tensor product of evaluation Verma 
modules. The module V^z, A) has a basis given by monomials {f l q v\®. . -®f l q n v^}, where 
li G Z^ and i>? are highest vectors of V q (Zi, Aj). The dual space V*(z, A) has the dual basis 
denoted by (/fu?®...® /£*!;«)*. Define a C-linear map z/ g (z, A) : V g *(z,A) -> £ 9 (>,A) 
by the formula 

^(z, A) : (ftvf ® . . . ® /<X)* h- sin'(7r/p) W r (t, z, A). (13) 

We often assume z a — z& + A a + A& G" Z^ © £>Z, meaning that for any k G Z^ , s G Z, 
z a - z b + A a + X b ^ k + s. 



Lemma 13. (Cf. Lemma 4-17, Theorem 4-19 in [TW_\.) The map u q (z,X) is a homo- 

morphism of U q gl{2) modules. Moreover, if z a — z b + A a + \ b G" Z^o © pZ for all a > b, 
a, b — 1, . . . , n, then the map v q (z, A) is an isomorphism. □ 

As before, for z, A G C™ and permutations a, a' G § n , define z£ , A^' G C™ by equations 
(z£') a + (A^') a = z CT(a) + A CT(a) and «') a - (A^') a = z a , {a) - A CT / (a) , a = 1, ... ,n. 

Lemma 14. For any permutations a, a' G § n ; i/ie identity map Id : # 9 (z£ , A^') — > 
$ 9 (z, A) zs an isomorphism of U q gl(2) modules. 

Proof: (Cf. Lemma 0.) The definition of the space $ q {z, A) and of the U q gl(2) action 

n n 

depends on z, A only through quantities FJ sin(7r(w — z a + X a )/p) and FJ sin(7r(n — z a — 
A a )/p), see (0). □ 

In what follows we assume that g is not a root of unity, that is p G" Q. 

Lemma 15. Lei z a — z& + A a + A& G" Z^ ffipZ, a, 6 = 1, . . . , n. Assume p G' Q. Then for 
any permutations a, a' G § n , tae U q gl{2) modules V q (z, A) and V q (z° , A^') are isomorphic. 

Proof : The proof of the Lemma is analogues to the proof of Lemma |||. □ 

Let z,X,p be as in Lemma [L5[ Let (a' ® cr)(z,A) : Vg(z, A) — > Vg(z£',A£) be the 
isomorphism of U q gl(2) modules such that 

{a ® a){z, A) : v\ ® . . . ® v« i-> (r?)' ® . . . <g> 

where u?, (v?)/ are highest vectors generating V^Zj, Aj), V q ((z°')i, (A^')j). 
We have 

(a' ® o-)(z, A) = (^(A^'))- 1 o (v q (z°J , A^'))- 1 o „ fl ( z , A) o 5/» fl (A), (14) 
where the map v q is given by flT3|). 



14 E. MUKHIN AND A. VARCHENKO 

Example 16. (Cf. Example Let n = 2. Consider the transpositions a = a' = (1,2). 
Then z a a , X a a are given by (|5]) . 

The isomorpism R q (z,X) : V q (z, A) — > ^(^IaJj), given by formula 
called £/ie trigonometric R q matrix. 

Example 17. (Cf. Example |5|.) Let n = 2. Consider the case a = id, a' = (1,2). Then 

Za,K' are g iven b y ©• 

We call the isomorphism N q (z, A) : V q (z, A) — > V^zff, X^f^), given by formula (0), 
t/ie trigonometric N q matrix. 

Example 18. (Cf. Example |6|.) Let n = 2. Consider the case a' = id, a = (1,2). Then 
z a a , X a a are given by (||) . 

We call the isomorphism D q {z, A) : V q (z, A) — > V q (z^ 2 ^, AA d 2 J, given by formula (Q), 
the trigonometric D q matrix. 

We describe properties of the trigonometric R q , D q and N q matrices in the next Section. 

3.6. Properties of R q , N q and D q matrices. Let n be a natural number. Let q = 
exp(7fi/p) be a complex number, not a root of unity. Let z, A G C n be such that z a — 
-^6 + A a + X b & Z^ © pZ, a, 6 = 1, . . . , n. 

Lemma 19. T/ie group S n x S n transitively acts on the family of isomorphic U q gl{2) 
modules {V^X), 0,0-1 G E n }, (t> x r)«',A*') : V q (£ X) - V M*' 'Xf)- The 
action of generators is given by 

(a, a + l)xid = Nl a+1 , idx(a,a + l)= D q a a+l , 

where N% a+l , D q aa+l are the trigonometric N q and D q matrices acting on the ath and 
(a + 1 )st factors. We also have 

^a,a+l( Z (a,a+l): ^(a,a+l))D^ a+ i(z, A) = Dl a+1 (z^ + , A^ + )N^ a+1 (z, A) = -R^ a+1 (^, A) . 

Proof: The Lemma follows from the definitions of R q , D q and iV 9 matrices. □ 



14), will be 



Let n = 2. Consider the U q sl{2) Verma modules V^(Ai), V q (X 2 ) of highest weights 
q Xl ,q X2 with highest vectors v\, v\. We have a decomposition of U q sl(2) modules 

oo 

V q {\ x ) <g> V q (\ 2 ) = V^X, + X 2 -l). 

1=0 

We choose singular vectors v 9 Xi Aa .^ G V^(Ai) <S> V q (X 2 ) generating V q (Xi + X 2 — I), so that 
in the standard basis the coefficient of f l v\ ®v\ is (Bf(Xi))~ l : 

i 

W q (XM) = 0, vl XM) = {B^X,))- 1 f q vl®vl + Y,d l a {X)f- a vl ®f a q vl, 

a=l 

I = 0, 1, . . . , where Bf(X) = B\(f l q v q , f l q v q ) is the value of the quantum Shapovalov form, 
see (||), and d l a (X) are complex numbers. 
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Theorem 20. (Spectral decomposition.) Let A q : V q (z,X) — > V g (u,u) be either R q , D q or 
N q matrix, where «,w£C 2 are the parameters of the target module. Then A q commutes 
with the U q sl(2) action and maps 



A q 



where Bf(X) = Bl(f l v, f l v) is the value of the quantum Shapovalov form, see 



Proof: In the case of R q matrix the spectral decomposition is well known, see Proposition 
12.5.6 in [CP] and formula (3.16) in |[TV||. In the two other cases the proof is similar. □ 



Note the difference in Theorems [8] and [H] due to the opposite choice of the comultipli- 
cations, see (fj) and (jTTj) . 

Let n be any natural number, z, A G C". Let q = exp(iri/p) G C be not a root of 
unity. We say that the parameters z, A G C n are in a trigonometric resonance if the 

U q gl{2) module U q (z,X) is reducible. We say that the parameters z, X G C n are in the 
first trigonometric resonance if there exists a unique pair of indices a, b G {1, . . . , n} such 
that z a — Zb + X a + Xb G Z^o ffipZ and a ^ b. We say that the parameters z, X are in the 
second trigonometric resonance if there exists a unique pair of indices a, b G {1, . . . ,n} 
such that z a — z b + X a + X b E Z^ © pZ and a < b. 

Let z, X be in the first trigonometric resonance. Then the U q gl(2) module V q (z, A) has a 
unique nontrivial submodule. The submodule is isomorphic to a tensor product V q (z', A') 
of quantum evaluation Verma modules with parameters z', X' G C n , (V, A') ^ (z, A). For 
example, if 2Ai = k G Z^ , i-e. a = b = 1, then z' — z, X' — (— A x — 1, A 2 , • • • , A n ). 

Let 2, A be in the second trigonometric resonance. Then the U q gl(2) module V q (z, X) 
has a unique nontrivial submodule. The factor module is isomorphic to a tensor product 
V q (z',X') of quantum evaluation Verma modules with parameters z',X' G C n , (2/, A') 7^ 
(z, A). For example, if z\ — z^ + Ai + A 2 = k G Z^ , i-e. a = 1, 6 = 2, then = 2^2) > 
A' = (— (A(\ d 2 ))i — 1, (A(\ d 2 ))2, • • • , (A(\ d 2 )) n ), see Section 12.2 in ||CP|| and references therein. 



Lemma 21. Let z,X G C n and z°' , X°' G C n &e either both in the first trigonometric 
resonance or both in the second trigonometric resonance. Then the map [a' x a)(z,X) : 

V q (z, A) — > , A£ ) a well defined isomorphism of U q gl{2) modules. In particu- 

lar, it maps the submodule V q (z',X') C V q (z, A) onto £/ie submodule V q ((z°)',(X°)') C 
V^(z^ , A£ ). Moreover, the map (a' x cr)(£, A) restricted to the submodule V q (z',X') co- 
incides with the map {a' x o~)(z', A') up to a non-zero scalar multiplier depending on the 
choice of the inclusions V q (z', A') ^ V q (z, A) and V q ((z£)', (A^')') ^ V q (z£ , X a J). 



Proof: Lemma 21 follows from Theorem GO. □ 



Lemma 22. Let z, X G C n fre in the first trigonometric resonance and z° , X°' G C n be in 
the second trigonometric resonance. Then the map {a 1 x a)(z, A) : V(z, A) — > V(;z£ , A£ ) 

zs a we// defined homomorphism ofU q gl{2) modules. The kernel of this homomorphism is 
the submodule V q (z', A') C V(z, A) and the image is the proper submodule in V q {z a a , X a a ). 



Proof: Lemma GI| follows from Theorem 20. □ 
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Lemma 23. Let z, X G C n be in the second trigonometric resonance and z% , X a a G C n be 
in the first trigonometric resonance. Then the map (a' x cr)(z, A) : V q (z, A) — > V q (z%. , A£ ) 
has a simple pole at z = z,X = A. The residue Res := Tes- =z x=\( a> x °")(^) A) ^ s a we ^ 

defined homomorphism of U q gl(2) modules. The kernel of this homomorphism is the 
nontrivial submodule U q ofV q (z,X) and the image is the submodule V q {{z^)' , (A£ )') C 
V q (z° , X° ). Thus, up to a scalar multiplier, depending on the choice of the factor map 
V q (z,X) - V q (z',X') ~ ^(z,A)/C/ ?; and tne zndnszon V q {{z^)', (A^')') «- ^(<',A*') ; 
i/ie map i?es defines a homomorphism V q (z, X)/U q ~ V^(z', A') — > V q ((z° )', (A£ )'). TTje 
scalar multiplier can be chosen so that the map Res coincides with the isomorphism 
(a' x a)(z',X'). 



Proof: Lemma 23 follows from Theorem 20. □ 



3.7. The first resonance in the trigonometric hypergeometric space. Let z, X G 

C n . Let q = exp(iri/p) be a complex number, not a root of unity. Suppose z, X are in 
the first trigonometric resonance. We have z a — z\, + A a + A& = k for some k G Z^ , 
a, 6 G {1, . . . , n}, a ^ 6. Choose a, a' G § n , such that cr(a) = a'(b) = 1. Then, by Lemma 
21, the map a' x cr is a well defined isomorphism and 2(A^ )i — k. 

Let z, A G C n and 2Ai = fc, k G Z^ . As before, set z' = z, A' = (—Ax — 1, A 2 , . . . , A n ). 

Define a linear map l*(z,X) : $ q (z,X) — ► # 9 (V, A') as follows. For a function 
f q (h,...,ti) G y?(z,A), set 

/,(ti,...,t J ) = /,(*i ) ---,*0 8in(7r(ti-^i-A 1 )/p) I] J] Si 11l" I 7 Z 1 VTV 1 > k > 

a=lb=k+2 B^VTVo tb i-)/P) 

and / = if I ^ k. Define 

{ b *qfq){tl ■ ■ ■ , ti_k_i) = f q {Z\ + Xl, Z\ + Al — 1, . . . , Z\ — Al, t%, . . . , 

Theorem 24. The map l*(z, A) : d q (z, A) — > $ q (z', A') zs a surjective homomorphism of 
U q gl(2) modules. 

Proof: (Cf. Theorem 0.) The map i* is well defined, it is a surjection, see the definition 
of the trigonometric hypergeometric space. 

If t a — zi + Ai — a + 1, a — 1, . . . , k + 1, then we have the following identities: 

n'^ 1 sin(7r(u - t a + l)/p) fr - , w , TT ■ / / / \/w n 

sinf7r^-t LV) 11 Sm(7r(M " 2a " a)/:p) = 11 Sm(7r(M " * a " a)/:p) ' 

sin(7r(t a - tt + l)/p) A sin(7r(M - z a + X a )/p) _ -A- sin(7r(w - z' a + X' a )/p) 
A A sin(vr(t a - u - l)/p) Al sin(7r(t - * a - A a )/p) Al s i n ( 7r ( u - z' a - X' a )/p) ' 

It is a straightforward calculation to check that the map i* commutes with the U q gl(2) 
action given by (0), using the above identities. □ 

Let z, X G C n and 2Ai = k G Zj> - Assume z a — Zb + X a + Xb G" Z^ © for all a > b, 
a,b — I, . . . , n. Then by Lemma |TB|, 

$*(z, A) ~ V*(z, A) ~ V*( Zl , AO) ® K*((z 2 , . . . , Zn ), (A 2 , . . . , A n )), 
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$ V, A') ~ V*{z', A') ~ V q *(z[, X[) ® V7((^ 2> . . . , z n ), (A 2 , . . . , An)). 

The U q gl(2) module V*(z\, Ai) has a submodule, isomorphic to (A; + l)-dimensional irre- 
ducible evaluation module L q {z\, Ai). Then l*(z, A) = (t*)i <8> Id, where 

(#x : V^Ax) - ^(afi.AO/L.^.AO ^ V;(z[,X[) 

is the factorization morphism, mapping f q +1 vf (g> <8> . . . <8> to D q (k)(vl)' <8> . . . (t^)'. 
The constant D q {k) is given by 

„i ™( ,r ( t « - 2 > - A ''/p) Ka i^ +1 ■"■W. - *» + !)/?) 

where we set £ a = zi + Ai — a + 1, a = 1, . . . , k + 1. 

4. HYPERGEOMETRIC PAIRING AND ITS PROPERTIES 

4.1. The qKZ equation. Fix complex numbers q = exp(iri/p), k = exp(/i), where we 
assume Rep < 0, < Im/i < In. Let A G C n . The rational R matrix R((z{, Zj), (Aj, Aj)), 
depends on Zj , zj only through the difference Theorem || The operator 

— Zj) = PR((zi, Zj), (Aj, Aj)) G End(V(Aj) <8> V(Xj)), where P is the operator of 
permutation of the factors, will be called the rational R matrix. 

The rational quantized Knizhnik-Zamolodchikov equation (qKZ) with values in a ten- 
sor product of si (2) Verma modules V(Ai)(g>. . .®V(X n ) is a system of difference equations 
for a function ^{z\, z n ) G V(Xi) (g> . . . <8> V(X n ). The system of equations has the form 

. . . , z TO +p, . . . , Zn) = # m (z, A) . . . , Z n ), m = l,...,n, 

Hm{z,X) = R mtm -i(z m — Z m -1 + P) ■ ■ ■ Rm,l{z m ~ Z\ + P) x 

X K Rm,rS\Z m Z n ) . . . -R mjm _|_i (z m Z m j r \) , (!<-*) 

where h m is the operator ft G sl(2) acting in the m-th factor, Rij(zi — Zj) is the rational 
R matrix acting in the z-th and j-th factors of the tensor product. 

4.2. The hypergheometric pairing. Let z = (zi,...,z n ) G C n , A = (Ai,...,A n ) G 
C n , t = (ti, . . . ,ti) G C'. Let / G Z^ . The phase function is defined by the following 
formula: 

Assume that the parameters z, X G C n satisfy the condition Re (zi + Aj) < and 
Re (zi — Aj) > for alH = 1, . . . ,n. For functions w(t, z, X) G $ i(z, A), and W(t, z, X) G 
3l(z, A), define the hypergeometric integral I(w, W)(z, X) by the formula 



I(w,W)(z,X)= I $ l (t,z,X)w(t,z,X)W(t,z,X)d% (16) 
where d l t — dti . . . dt\. 



i=l,...,J 
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The hypergeometric integral for generic z, A is defined by analytic continuation with 
respect to z, A and has the form 

I(w, W){z, A) = J $,(t, z, \)w(t, z, \)W(t, z, A) d l t, 

K(z,X;p) 



for some suitable contour of integration K.(z, A;p) C C , see ||MV1 |. The hypergeometric 



integral I(w, W)(z, A) is a univalued meromorphic function of variables z, A. 
Define the hypergeometric pairing Tl(z, A) : $ g (z, A) <8> 5 (z, A) — > C by 

W(z,A) : W(t,z,\)®w(t,z,\)t-+I(w,W)(z,\), 

if w(t, 2, A) G #,(z, A), W(t, z, A) G £f (z, A), and let H(W ® w) = if w G A), 

Assume p ^ Q and z a — + A a + G" Z^ + pZ, a,b — 1, . . . n. Then by Lemmas [I], 



13 , we have a map 



W(*,A) : V7(0,A)®y*(z,A) ->c. 

Define i/ie tf-fTZ map, 

qKZ(z,A) : V q (z, A) — > V(z, A), 

qKZ(z,A) : />? ® . . . ® ^ * r (z, A), 

%(z,A) = ^2 Bjity I( w fh, Wj)(z, A) f mi vi g) . . . (g) f m "v n , (17) 

where -B ; -(A) = B q (f q 1 vf <g> . . . ® 4™i>£, /^f? <g> • • • <S> 4"^) is the value of the quantum 
Shapovalov form, see (0). 

We have qKZ(z, A) = 7Y(z, A) o Sh q (X), where A) : V*(z, A) -> V(z, A) is the map 
dual to the hypergeometric pairing. 

The meromorphic functions {^j(z, A), / G Z^ } form a basis of solutions of the rational 
qKZ equation, see Corollary 5.25 in [TV] . In particular, if p G" Q and z a — Zt + X a + 
At G" Z^o + pZ, a, b = 1, . . . n, then the qKZ map is an isomorphism of vector spaces, 
meromorphic with respect to variables z, X. 

4.3. The qKZ map and the R, D, N matrices. 

Theorem 25. Let ^fj(z, A) be a hypergeometric solution of the qKZ equation with values 
in V(z,X) given by ([HJ). Then for any permutations a, a' G S n ; the function (a' x 
a) (%(z, A)) is a solution of the qKZ equation with values in V{z° , A£ ). Moreover, the 
following diagram is commutative: 

\r I \\ qKZ(z,A) , . 

V q (z,X) — ► V(z,X) 
I a' xa I a' x a (18) 

v q {4X) qKZ ^ v{4X\ 



Proof: We have z, A) = z£ , A£'). Theorem p5| follows from the definitions of 
all participating maps and Lemmas ^] and [TJ]. □ 
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4.4. The extended qKZ equation. Consider the space C 2n with coordinates (z, A), 
z, A G C n . For permutations a', a G § n , introduce shifts T°' (p) : C 2n -> C 2n by the 
formula 

T;'(p)(z, A)) = (K)- 1 x (a)- 1 ) o r(p) o (a' x a) (z, A), z, A G C w , 

where (cr' x a) (z, A) = (z^,A^), and T(p)(z, A) = ((^ +p, z 2 , . . . , z{), (A x , . . . , A n )). 
Introduce a system of difference equations for a function *&(z, A) G V(;z, A) by 

*(T;'(p)(z, A)) = H?(z, A;p, fi)*(z, A), (19) 

where 

H?(z,\;p,n) = {{a')- 1 X (a)" 1 ) o A*';p, /i) o (a' x a) G End(V(z, A)), 

and Hi(z, A;p, p) is the first qKZ operator, see (|i~5|) . We call the system [19] the extended 
qKZ equation. 

Example 26. The system ( |T9"D contains the qKZ equation flTSp. Namely, for permuta- 
tions a, a' such that a = a', cr(l) = z the equation flT9| ) takes the form ^(zi, . . . ,Zi + 
p, . . . , z n , A) = #i(2:, A)^(z, A), where H^z, A) is given by (JT5|). 

Example 27. The shifts T^'(p) : C 2n -> C 2n preserve the quantity Ai + • • • + A n and 
generate a group acting in the space C 2n of parameters (z,X) isomorpfic to Z 2n_1 . For 
example, we have 

T ( l%(z,X) = ((z 1 +p/2,z 2 +p/2, ),(Ai-p/2, A 2 +p/2, A 3 ,...,A n )). 

Corollary 28. The extended qKZ equation is a compatible (holonomic) system of differ- 
ence equations, i.e. for any permutations a,a',r,r' G § n ; 



K'(T?(p)(z, \))H;'(z, A) = H?{Tf(p){z, \))HZ{z, A). 

Moreover, the meromorphic functions {^i(z, A), / G Z™ }, where the function ^f(z, A) is 
gwen fry /orm a frasis of solutions of the extended qKZ equation. 



Proof : Corollary ^B] follows from Theorem |2S|. □ 

It would be interesting to find an algebraic proof of Corollary 
4.5. The qKZ map, factormodules and submodules. Introduce a function 

C & A ) = [A 1+; TTTW F ^ 6XP ^ E WP) x (20) 
P KK + i). a=1 

n r((t a - y- i)/ P ) ^ r((t B - zi + AiVg) A fc ^ r((t„ - z a + A a )/p) 

«iU " * + ^ M r ^ - * - a 0/p) a A i M r(ft - * - A a )/p) ' 

where we set t a = z± + Ai — a + 1, a = 1, . . . , k + 1, cf. formula (16) in [|MV1 . 



Theorem 29. Let z, A G C n and 2Ai = k E Z^ - Assume z a — Zb + A a + A& G" Z^ ©pZ 
/or a// a > 6, a,b = l,...,n. Lei g = exp(-7ri/p) and p G" Q. Lei A' x = — Ai — 1, 
and z = (z 2 , • • • , z n ), A = (A 2 , . . . , A n ). Then there exist a map a(z, A) : L q (zi, \\) ® 



20 



E. MUKHIN AND A. VARCHENKO 



V q (z,X) — > L{zi,\\) ® V(z,X) such that the following diagram is commutative and its 
columns and rows form exact sequences: 




T 





T 



a(z,X) 



qKZ(2,A) 



C(z,X) qKZ(z,A') 



— > L q (zi, Ai) <8 V q (z, A) 

t Shg <g> Id 

— > 7,(«i, Ai) ® 7 9 (*, A) 
t A) ® Id 
— > Ai)®^, A) 

T 
o 

where C(z, A) zs given by fllffi). 

Proof: Consider the hypergeo metric integral 

J(™,W,)(z,A) =5 r 9 (A) y ^ l (t,z,X)w(t,z,X)W J (t,z,X)^t, 



L(zi,\i) ® 7(5, A) 

T STi ® Id 
7(z 1 ,A 1 )®7(z, A) 

t t(z,A) <g> Id 

7(2i,Ai)®7(«, A) 

T 
o 



(21) 



h > k, 



K(z,X;p) 

at Ai = k/2. The function -B^(A) as a function of Ai has a zero of the first order. The 
integral J $i(t, z, X)w(t, z, X)Wi(t, z, A) d l t has a pole of the first order and the residue is 

res 2Al=fc J $ l (t,z,X)w(t,z,X)W I (t,z,X)d l t-- 1 

K,(z,X;p) 

x J res tfc+1=Zl _ Al . . . reSfe-n+Ai-iresti^+Ai^Kt, z, X)w(t, z, X)Wj(t, z, X)d l ~ k ~H, 

K(z,X';p) 



k + 1 



where A' = (A' 1; A2, ■ • • , X n ), see the proof of Theorem 10 in |MV1| . We have 

{t-zi- Ai) sin(7r(t -z x - h)/p) 



res tk+1=Zl -\ 1 . . . Tes t2=Zl +x 1 -iTes tl=Zl +\ 1 



k+l I 



C(z, A) $ M ((t k+2 , ...,t t ),z, A') ][ J] 



t a -t b + l sin(7r(t a -t b + l)/p) 
ta — h — 1 sin(7r(t a -t b - l)/p) 



o=l b=k+2 

The commutativity of the bottom square of diagram pi] now follows from Theorems 



12 and 24 



There exist the unique map L q (z\, Ai) ® V q (z, A) — ► L(2i, Ai) <8> 7(f , A) such that the 



digram 21 is commutative. □ 



Remark. A version of Theorem [29] was implicitely used in [|MV1|| to construct solutions 
of the qKZ equation with values in tensor products of finite dimensional representations 
L(Xi)®...®L(X n ),2XeZ^ . □ 
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Corollary 30. Let z, A G C n be in the first trigonometric resonance and in the first 
rational resonance. Then the map qKZ(z, A) : V q (z,X) — > V(z, A) zs a we// defined 
isomorphism of linear spaces. Moreover, it maps the submodule V q (z', A') C V q (z, A) 
onto the submodule V(z',X') C V(z,X). The map qKZ(z, A) restricted to the submodule 
V q (z', A') coincides with the map qKZ(z', A') up to a non-zero scalar multiplier depending 
on the choice of the inclusions V q (z', A') A) and A') * V(z, A). 



Proof: Corollary BUI follows from Theorem p9| and Lemmas pi Ell. □ 



Corollary 31. Let z, X G C n be in the first trigonometric resonance and in the second 
rational resonance. Then the map qKZ(z, A) : V q (z, A) — > V(z, A) is a well defined linear 
map. The kernel of this map is the submodule V q (z', A') C V q (z, A) and the image is the 
proper submodule in V(z, A). 



Proof: Corollary pl| follows from Theorem 29 and Lemmas 10, 22. □ 



Corollary 32. Let z, X G C n be in the second trigonometric resonance and in the first 
rational resonance. Then the map qKZ(£, A) : V q (z,X) — > V(z,X) has a simple pole at 
z = z, X = X. Let Res be the residue of the map qKZ(z, A) at z = z,X = X. The kernel of 
the map Res is the nontrivial submodule U q ofV q (z,X) and the image is the submodule 
V(z', A') C V(z, A). Thus, up to a scalar multiplier, depending on the choice of the factor 
map V q (z, A) — > V q (z r , A') ~ V q (z,X)/U q , and the inclusion V(z',X') V(z,X), the map 
Res defines a homomorphism V q (z', A') — > V(z', A'). The scalar multiplier can be chosen 
so that the map Res coincides with the isomorphism qKZ(z', A'). 

Proof: Corollary [32] follows from Theorem |29] and Lemmas [IT], Ej| □ 



Example 33. Let z, X G C n be in the second trigonometric resonance and in the first 
rational resonance. Let (A ^ )i = z\ — z 2 + Ai + A 2 = k G Z^ - Denote u = z \^ , 10 — 
X \a , z = (zs, . . . ,z n ), X = (A3, . . . , A n ). Then there exists the commutative diagram 



1 T 

L q (Ui,UOi) ®V q (u2,uj 2 ) ®V q (z,X) ► L(Ui,UJi) ®V(U2,UJ 2 ) ®V(z,X) 

i T 

~ ~ Res ~ ~ 

V q (z x ,z 2 ,X 1 ,X 2 )®V q {z,X) — > V(z u Z2,\u><2)®V(z,\) 

i T 
-> V q (u 1: uj[) ® V q (u 2 , uj 2 ) ® V q (z, A) ^5 Viuuu'-i) ® F(m 2 ,o; 2 ) ®y(«,A) -> 0. 

I T 


Here the left column is an exact short sequence of U q gl(2) modules and the right column 
is an exact short sequence of Yangian modules, Res = res Zl=22 _A 1 -A 2 +fe qKZ(z, A). 
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4.6. Singularities of hypergeometric solutions. 

Theorem 34. Let p be a complex number such that Rep < and p G" Q. The map 

qKZ(z, A) : V q (z, A) — > V(z, A) is a well defined isomorhism of vector spaces for all z, A 
except for the following two cases. 

i) The map qKZ{z, A) has a nontrivial simple pole at the hyperplanes z% — Zj + Aj + Xj = 
m — ps, m, s G Zj> , i < j ■ 

ii) The map qKZ(z, A) has a nontrivial kernel at the hyperplanes Zi — Zj + Aj + Xj = 
m + ps, m,s G Z^ ; j < i- 

Proof: By Corollary 5.25 in [TV the map qKZ(z, A) is a linear isomorphism if z^ — Zj + 



Aj + Ay G" Zj> + pZ. 

Consider the case i — 1, j — 2. By Corollary [32], the map qKZ(;?, A) has a pole at the 
hyperplane zi — z 2 + X± + X 2 = k e Z^ - We have 

(Fx (z, A)) s qKZ(2;, A) = qKZ(^i + sp, z 2 , ■ ■ ■ , z n , A)), s G Z, 

where ifi is the first qKZ operator given by ([15]). The operator Hi(z,X) has a non- 
trivial kernel at the hyperplane z\ — z 2 + Ai + A2 = k G Z^o- It is easy to see that at 
this hyperplane for generic z 3 , ... , z n , the product Hi(z, X)qKZ(z, A) is a well defined 
nondegenerate operator. 

Note that for generic z 3 , . . . , z n , the operator -f/ifz, A) is an isomorphism if zi—z 2 + Xi + 
A 2 = k+sp, s^0,zGZ. Hence, the map qKZ(^, A) is an isomorpism at z\ — z 2 + X\ + X 2 G 
Z + pZ >0 and has a nontrivial pole at z\ — z 2 + Ai + A 2 G Z + pZ<^ . 

The case of generic i, j G {1, . . . , n} is done similarly. □ 



Remark. In fact Theorem ^ combined with the results of Section |4T5| allows to describe 
all the singularities of the hypergeometric solutions. Indeed, consider a hypergeometric 
solution ^i(z, A) given by (|i~7D . It has poles of the first order at the hyperplanes Zj — Zj + 
Xi + Xj = m — ps, s G Z^o, m = 0,1 . . . ,1 — 1, i < j . 

Consider the hyperplane z\ — z 2 + Ai + A 2 = m. The residue res 2l= 2 2 _Ai-A 2 +A:^ / r(-2 ) X) is 
a function with values in the proper Yangian submodule V{u, uj) C V(z, A), cf. Example 



33 . In fact this function is a linear combination of hypergeometric solutions ^^(w, c<j) 
with m = I — k — 1 integrations. This linear combination is determined by the image of 

the vector f ll V\ ® . . . ® f ln v n G V q (z, A) under the factorization map of U q gl{2) modules 
V q (z,X)^V q (u,uj). 

The residue of the hypergeometric function ^i(z, A) at the hyperplanes z\ — z 2 + Ai + 
A 2 = m — ps, s = 1, 2, . . . , is computed by applying s times the qKZ operator H 2 to the 
residue of ^j{z, A) at the hyperplane z\ — z 2 + Ai + A 2 = m. □ 

Remark. In this paper we treated the I ^ 1. The 1 is important for 

applications and is done in a similar way. In this case the qKZ map is defined on the 
subspaces of singular vectors, 

qKZ{z, X; p, k = 1) : (V q (z, X)) sin9 -> (V(z, X)) sm9 , 

where (V q (z, X)) sin9 = Ker e q C V q (z,X), (V(z,X)) sin9 = Ker e C V(z,X). We get the 
same statements as in Corollaries |30| - |32| , where all the tensor products of modules are 
replaced with the corresponding subspaces of singular vectors. 

However, in the 1, the map qKZ(z, A) has nontrivial degeneracies which do 

not come from singularities of the qKZ equation, see [ MV2 |,[ M.V3|| . □ 
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Remark. One can prove a statement similar to Corollary ^ for the case 2A 6 Z^ with 
Verma modules V(Aj), V q (Xi) replaced by finite dimensional modules L(A,), L g (Aj). In 
this case, it is sufficient to assume that q is not a root of unity of a small order. Namely, 
it is sufficient to assume q a 7^ 1 for a = 1, 



max(2A 



, 2A n , k, 2Ai + 2A 2 



fc). □ 
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